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An estimation algorithm to identify the nonlinearaerodynamicmodel in wing rock from the free-to-roll test data
is developed. This algorithm is based on an optimal estimation theory with a continuous cost function to minimize
the difference between estimates and data. The optimality equations are reformulated in the frequency domain
through Beecham–Titchener’s averaging technique. The resulting equations are then solved by � nite difference.
A wing rock model of an 80-deg delta wing is used to verify the method. The method is then applied to a fuselage–

vertical tail con� guration in a free-to-roll test. The computed response based on the estimated aerodynamic model
shows a fair agreement with measured data. Applications of this estimated aerodynamic model in control and
aircraft design are discussed. In particular, the necessary additional damping for the suppression of limit-cycle
oscillations can be computed. It is shown that unlike an 80-deg delta wing, roll angle feedback to increase the
system stiffness can also suppress the body rock of a fuselage–vertical tail con� guration.

Nomenclature
A, a = amplitude function
C1 , C2 = coef� cients assumed in Eq. (1) to help numerical

convergence
Di = coef� cients of the estimated model equation
d11 = ¡ l 2 C x 2 C C1 ¡ C2 l
d12 = 2 l x C C2 x
d21 = ¡2 l x ¡ C2 x
d22 = ¡ l 2 C x 2 C C1 ¡ C2 l
F, f = forcing function
G = implicit function
H = Hamiltonian
h1 = 2 l x ¡ C2 x
h2 = ¡ l 2 C x 2 C C1 C C2 l
J = cost function
q = generalized coordinate
t = time
a = angle of attack
D = residual
g = out-of-phasepart of the Lagrangian multiplier
h = angle
k = Lagrangian multiplier
l = Pa/ a
n = in-phase part of the Lagrangian multiplier
v = roll angle
x = frequency

Introduction

W ING rock is a self-sustaining limit-cycle oscillation (LCO)
with a limited amplitude that occurs as a result of nonlinear

coupling between the dynamic response and the unsteady aerody-
namic forces. High-performance aircraft such as the X-29A have
been shown to exhibit wing rock.1 Reference 2 gives three possi-
ble types of wing rock oscillations:conventionalwing rock, slender
wing rock, and wing–body rock. It is also possible for a low-aspect-
ratio rectangular wing to exhibit wing rock.3 Because the forcing
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function, i.e., aerodynamic rolling moment, is a nonlinear function
of roll angle and its time rate of change, a theoretical prediction of
the phenomenon is dif� cult. For a slender wing with vortex � ow
separation, a vortex lattice method4,5 and a discrete vortex model6

have been used with limited success. For a realistic airplane con-
� guration in wing or body rock, no theoretical prediction of the
forces and moments causing the phenomenon has been presented.
Therefore, the primary sources of information are wind-tunnel data
in free-to-roll testing. In testing, it is useful to determine the forcing
function for the purpose of later simulation.

There has been a constant effort for determining the aerodynamic
models in wing rock from � ight-test or wind-tunnel measurement.
The primary dif� culty in the identi� cation of aerodynamic mod-
els lies in the nonlinear characteristicsof the dynamic system. The
model identi� cation of wing rock has been developed mostly from
physical insight and is not systematic. In fact, the wing rock aero-
dynamic models have been mostly constructed, not identi� ed, in
the past from data sources other than the free-to-roll tests.7,8 Most
of the free-to-roll tests have been conducted to determine the an-
gles of attack within which wing rock occurred. In Ref. 5, the
aerodynamic model structure was extensively discussed, but not
the parameter identi� cation problem. The existing parameter esti-
mation methods, such as the equation error method,9 output error
method,10,11 maximum likelihood method,12 or a combination of
some of these methods,13 have been applied mainly in estimating
the aircraft aerodynamicparameters in relativelyslow motions.The
frequency-domainestimationmethods for aerodynamicparameters
are not as widely used as the time-domain methods and are usually
applicable only to the linear system equations.14,15 Some common
features of these methods are the assumption of some functional
forms in the model equation and minimization of a cost function
in the time domain to determine the independent parameters of the
model equation. To the knowledge of the authors, results from ap-
plying the aforementioned estimation methods to the wing rock
free-to-roll data have not been reported.

The objective of this paper is to present a nonlinear model es-
timation method based on minimizing a continuous cost function
without assuming a functional form for the forcing function in the
estimation process. The estimated forcing function will then be � t-
ted with the assumed model equations in minimal computing time.
The optimality equationsare solved in the frequencydomain to take
advantage of the fact that the system frequency in LCO is nearly
constant. Application to an aircraft model in free-to-roll testing is
then presented.
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Theoretical Development
Derivation of Governing Equations

Because the LCO in free-to-roll testing is primarily a single-
degree-of-freedom oscillation, a scalar equation will be used to
illustrate the derivation.The equation of motion is written in a state
variable form, with q being the generalized motion variable:

Pq D v, Pv D F(t ) D C1q C C2 Pq C f (t) (1)

with initial conditions

q(0) D q0, v(0) D v0

In Eq. (1), f (t ) can be viewedas a control functionto be determined
by an optimal control theory subject to the constraint of satisfying
the dynamic equation (1). It will account for the nonlinearities in
the forcing function. The coef� cients C1 and C2 are constants to be
assumed in the estimation process to help numerical convergence,
as will be shown later. The forcing function F(t ) is calculated as a
function of t.

Assume qd (t ) represents the measured response of wing rock. A
doubledifferentiationofqd (t ) canproduceanestimateof the forcing
function.However, the results would be uncertainand exhibit noisy
time variation. What is needed is to determine a forcing function
f (t) that produces a system response to match qd (t) as closely as
possible, taking into account possible measurement uncertainties.
Thus, the problem at hand is a tracking problem in optimal control
theory. The forcingfunction is obtainedby forcing the displacement
and velocity to follow the speci� ed qd (t ) and Pqd . Therefore, the cost
function to be minimized is de� ned as

J D 1
2

Z t f

0

( Pq ¡ Pqd )2 C (q ¡ qd )2 C f 2 dt (2)

Note that Pqd is typically not measured. In the present case, only the
time derivativeof the amplitude is needed and will be calculatedby
a central difference scheme, as will be shown in the method sum-
mary section. To minimize the cost function [Eq. (2)] subject to the
constraint [Eq. (1)], the following Hamiltonian must be minimized:

H D ( Pq ¡ Pqd )2 C (q ¡ qd )2 C f 2 C k 1v C k 2(C1q C C2 Pq C f )

k 1(t f ) D 0, k 2(t f ) D 0 (3)

where k 1 and k 2 are the Lagrangian multipliers. The necessary op-
timality conditions are, in addition to Eq. (1),

Pk 1 D ¡
¶ H

¶ q
D ¡2(q ¡ qd ) ¡ C1 k 2 (4)

Pk 2 D ¡
¶ H

¶ v
D ¡2( Pq ¡ Pqd ) ¡ k 1 ¡ C2 k 2 (5)

¶ H

¶ f
D 2 f C k 2 D 0 (6)

From Eq. (6), the forcing function f (t ) can be obtained as

f D ¡ k 2/ 2 (7)

Equations (1), (4), and (5) are coupled nonlinear equations with
initial conditionsfor q and � nal conditions(t f ! 1) for k 1 and k 2.
Because the conditions are imposed at two different points, these
equations cannot be easily integrated. For a two-point boundary-
value problem, � ooding or successive linearization16 is a possi-
ble way to obtain the solution. However, in integration using these
schemes, the solution is very sensitive to a small change in the un-
speci� ed initial conditions. Therefore, long computational time is
expected even if the solution converges. For the present purpose,
we will � rst reduce these equations to the frequency domain by
Beecham–Titchener’s method17 (B–T method) and eliminate k 1 and
k 2 from the resultingequations.The B–T method has beenused suc-
cessfully in the past.18

B–T Method
Periodic motions can be expressed by pure sinusoidal functions.

Assume a trial solution in the form of

q D a cos h (8)

where both a and h are functions of t . The solutions of the La-
grangian multipliers are expected to consist of an in-phasepart, i.e.,
cos h term, and an out-of-phase part, i.e., sin h term, and so the
following forms for k 1 and k 2 are assumed:

k 1 D a( n 1 sin h C g 1 cos h ) (9)

k 2 D a( n 2 sin h C g 2 cos h ) (10)

where a, h , n 1 , g 1 , n 2, and g 2 are functions of t. Differentiating
Eqs. (8–10), it follows that

Pq D a( l cos h ¡ x sin h ) (11)

Rq D a[( l 2 ¡ x 2 C a l l 0) cos h ¡ (2 l x C a l x 0) sin h ] (12)

Pk 1 D af[ l ( g 1 C a g 0
1) C x n 1] cos h C [l ( n 1 C a n 0

1) ¡ x g 1] sin h g
(13)

Pk 2 D af[ l ( g 2 C a g 0
2) C x n 2] cos h C [l ( n 2 C a n 0

2) ¡ x g 2] sin h g
(14)

where l D Pa/ a, x D Ph , and ( )0 D d( )/ da. As a � rst approximation,
it is assumed in accordance with the B–T method that

l 0 D x 0 D n 0
1 D g 0

1 D n 0
2 D g 0

2 D 0

Substituting Eqs. (8), (11), and (12) into Eq. (1), the following two
equations are obtained by the harmonic averaging method18:

l 2 ¡ x 2 D C1 C C2 l ¡ g 2/ 2 (15)

2l x D C2 x C n 2/ 2 (16)

To eliminate k 1 and k 2 , we � rst obtain from Eqs. (4), (8), and (13)

( l n 1 ¡ x g 1 C C1 n 2) sin h C ( l g 1 C x n 1 C 2 C C1 g 2) cos h D 2qd / a

(17)

In Eq. (17), qd (t ) is known. To apply the averaging method, qd (t)
must be expressed in terms of sin h and cos h . Therefore,qd is taken
to be

qd D A(t ) cos h (18)

Time differentiationof Eq. (18) gives

Pqd D PA cos h ¡ A x sin h (19)

Equation (17) can again be separated into the in-phase and out-of-
phase components by harmonic averaging:

l g 1 C x n 1 D ¡2(1 ¡ A/ a) ¡ C1 g 2 (20)

l n 1 ¡ x g 1 D ¡c1 n 2 (21)

Similarly, substitutingEqs. (8), (11), (18), and (19) into Eq. (5) and
applying the averaging method,

n 1 D 2 x (1 ¡ A/ a) ¡ ( l C C2) n 2 C x g 2 (22)

g 1 D ¡2( l ¡ PA/ a) ¡ ( l C C2) g 2 ¡ x n 2 (23)

The preceding two equations can be used to eliminate n 1 and g 1

from Eqs. (20) and (21). It follows that

[¡2 l x ¡ C2 x ]n 2 C x 2 ¡ l 2 ¡ C2 l C C1 g 2

D ¡2(1 C x 2)(1 ¡ A/ a) C 2 l ( l ¡ PA/ a) (24)

x 2 ¡ l 2 C C1 ¡ C2 l n 2 C (2 l x C C2 x ) g 2

D ¡2l x (1 ¡ A/ a) ¡ 2 x ( l ¡ PA/ a) (25)
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In Eqs. (24) and (25), there are still terms representing the effect of
Lagrangian multipliers, i.e., n 2 and g 2. To eliminate these, Eqs. (15)
and (16) are solved for n 2 and g 2 to give

n 2 D 2(2l x ¡ C2 x ) (26)

g 2 D 2 x 2 ¡ l 2 C C1 C C2 l (27)

Substituting n 2 and g 2 into Eqs. (24) and (25) gives

d11h1 C d12h2 D ¡ l x (1 ¡ A/ a) ¡ x ( l ¡ PA/ a) (28)

d21h1 C d22h2 D ¡(1 C x 2)(1 ¡ A/ a) C l ( l ¡ PA/ a) (29)

In these � nal equations to be solved [Eqs. (28) and (29)], the La-
grangian multipliers n 1, g 1 , n 2 , and g 2 have all been eliminated. Be-
cause l D Pa/ a and x D Ph , Eqs. (28) and (29) represent a set of
nonlinear implicit ordinary differential equations of the form

G(y0, y) D 0 (30)

where G is a two-dimensional function and y0 D ( Pa, Ph )T , y D
(a, h )T , and the initial conditions a0 and h 0 can be obtained from
q0 and v0. Equation (30) with speci� ed initial conditions can be
solved by an existing code, DASSL,19 using the approach of back-
ward differentiationformulas. A summary of the method is given in
Ref. 18.

Summary of the Present Method
The resulting optimal estimation equations [Eqs. (28) and (29)]

are integrated for a(t ) and h (t ). From Eqs. (26) and (27), n 2 and g 2

are then determined. From Eqs. (7) and (10), the estimated forcing
function is obtained:

f (t) D ¡(a/ 2)( n 2 sin h C g 2 cos h ) (31)

The forcing function F(t ) is the sum of the C terms and f (t).
Finally, a model equation is assumed for F(t ). In assuming a model
equationin termsof the statevariables,it is preferrednot to use spline
functions so that the stability parameters, such as the roll damping
derivative, can be directly identi� ed. In the frequency domain, it is
suf� cient to assume the following algebraic model:

F (t ) D D1 v C D2
Pv C D3

Pv j v j C D4 v 2 C D5 v Pv

C D6
Pv 2 C D7 v 3 C D8 v 2 Pv C D9 v Pv 2 C D10

Pv 3

C ¢ ¢ ¢ C Cm v n C ¢ ¢ ¢ C Cm C n
Pv n (32)

This equationis � tted to theestimated F(t ) throughthe least-squares
method. Note that D2 is related to the roll damping derivative and
is not necessarily equal to C2 in Eq. (1). The nonanalytic term, i.e.,
the D3 term, is assumed because, based on the physical consid-
eration, the roll damping in sideslip is independent of the sign of
sideslip.7

The computational algorithm is summarized as follows.
1) The starting time in the test data to be used is typically one at

which the reading is at a peak, i.e., the initial point is at a peak of a
cosine curve.

2) The amplitude A at any time t is obtained by using succes-
sive peak values and the corresponding times. Within these time
intervals, the amplitude A at any time t is obtained by Lagrange’s
interpolationmethod.

3) The time rate of change in amplitude PA is calculatedby numer-
ical differentiation with a second-order central difference scheme.
The scheme is based on an uneven spacing.

4) The time lapse between two successive peaks represents a
local period of the oscillation. The reciprocal of the period is the
local frequency.The frequency x d at any time t is then obtained by
interpolationof these local frequencydata. A fast Fourier transform
program, DFT, can also be used to � nd x d .

5) C1 in Eqs. (28) and (29) is set equal to ¡ x 2
d and C2 D 2 PA/ A

when the DASSL program is used to integrate Eqs. (28) and (29).
6) The initial values a0, Pa0, h 0 , and x 0 for the integration in

DASSL should be consistent, i.e., they must satisfy the implicit

differential equations.The values obtained in steps 3 and 4 may be
used as the initial trial values.

7) For the oscillationwith a nonzerotrim point, the mean valueqm

of the data should be determined� rst. The mean value is taken to be
the arithmetic average of the data and is automatically determined
in the programDFT. The present code will subtract the mean values
from the time-historydata at the beginningof the estimationprocess
and add them back after the solution is completed.

Numerical Results and Discussion
The present estimation algorithm will be veri� ed with a speci� c

mathematicalmodel for wing rock of an 80-degdeltawing.7,18 After
veri� cation, the method will be applied to an airplanecon� guration
in a free-to-roll testing that was conducted in the Aero Industry
Development Center 7 £ 10 ft low-speed wind tunnel in Taiwan.

80-deg Delta Wing
The time-historydata of roll anglewas generatedthroughRunge–

Kutta numerical integrationof the followingwing rock model equa-
tion:

Rv D ¡26.6667v C 0.76485 Pv ¡ 2.92173 Pv j v j (33)

This model equation will serve as a baseline to study the effects of
the assumed values of constant coef� cients C1 and C2 in Eq. (1)
on numerical convergence.This is because the system of equations
to be solved [Eqs. (28) and (29)] is nonlinear so that the conver-
gence of its solution depends on the initial estimates. The effects
of integration step size and error tolerance in DASSL on the esti-
mated results have also been examined. It is found that by setting
C1 D ¡ x 2

d and C2 D 2 PA/ A, the present scheme would converge
better. In Eq. (32), Dn with n ¸ 4 are set to zero in the present case.
By varying the time step size D t with a � xed error tolerance being
10¡6, the estimated model constants and the corresponding least-
square error in � tting the forcing function are presented in Table 1.
It is seen that the smaller the time step size, the more accurate the
least-square� t. As for the accuracy of the parameters estimated, for
the worst case, the percentage error for D3 is 0.1% for D t D 0.005
and 2.8% for D t D 0.025. The selection of the step size depends
on the desired accuracy of the solution and the available compu-
tational time. In the following applications, D t D 0.025 will be
used.

Airplane Con� guration in Free-to-Roll Testing
The model is the clean con� guration used in Ref. 20. The model

was mounted on a roll axis, which was free to roll. The model will
not roll until a critical angle of attack is reached. The test data to
be analyzed are for the fuselage–vertical tail combination at zero
sideslip and a dynamic pressure equal to 31.1 psf.

The experimentaldata for the time history of roll angle are shown
in Fig. 1. It is seen that the oscillation is centered at a roll angle of
¡0.24 rad (¡13.75 deg). At other test conditions, it is possible that
the oscillation may be centered about 0 deg. This phenomenon of
wing or body rock about more than one roll angle has been de� ned
as having multiple roll attractors.21 It has been shown to exist also
on 65-deg delta wings.22,23

The current estimation algorithm is for a symmetric oscillation
about v D 0. Therefore, the mean value of the oscillation time his-
tory is subtracted before applying the algorithm. By taking the fast
Fourier transform of the time history data, the main frequency can
be shown to be around11.5 rad/s. After the forcingfunction,i.e., the
rolling moment, is estimated, polynomials of different degrees are
examined in the least-square � t. The results are shown in Table 2,

Table 1 Models obtained by using different integration step sizes

D t , s D1 D2 D3 Least-square error

0.005 ¡26.664 0.764 ¡2.918 1.79 £ 10¡10

0.010 ¡26.655 0.761 ¡2.906 8.55 £ 10¡9

0.020 ¡26.619 0.749 ¡2.861 1.09 £ 10¡7

0.025 ¡26.592 0.741 ¡2.826 6.03 £ 10¡6

Correct model ¡26.667 0.765 ¡2.922
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Table 2 Linear terms obtained by using polynomials
of different degrees (with D3 6=0)

Degree of
polynomials D1 D2 Least-square error

1 ¡130.6 1.06 1.12 £ 10¡3

2 ¡130.4 1.08 7.66 £ 10¡4

3 ¡145.4 2.14 6.71 £ 10¡4

4 ¡145.3 2.03 6.32 £ 10¡4

5 ¡135.1 1.12 3.48 £ 10¡4

Fig. 1 Free-to-roll data of a fuselage–vertical tail con� guration from
a low-speed tunnel, ® = 33 deg and M = 0.15.

Fig. 2 Comparison of roll angle response based on the � rst mode of
estimated aerodynamic model with free-to-roll data.

which shows that the � rst two parameters D1 and D2 converge to
approximately the same values for the � rst-degree and the second-
degree polynomials. The second-degree polynomial has smaller
least-square error than the � rst-degree one. Although the � fth-
degree polynomials have the least error, the second-degree model
is selected for simplicity. A more precise method for determining
the appropriate degree of polynomials is the stepwise regression
method.24

In Ref. 5, using only the analytical terms in the model equation
was favored. Therefore, the model with D3 D 0 is also used to � t
the estimatedrolling moment. The results (not shown) show that the
valuesof D1 and D2 are not convergentas the degreeof polynomials
is increased.25

Just like Fourier analysis of any function, the estimated forcing
function can be � tted successivelywith modes of different frequen-
cies. The model equation of the � rst mode is estimated, based on
the polynomial of degree 2, to be

F1(t) D ¡130.414v 1 C 1.081 Pv 1 ¡ 11.553 Pv 1j v 1j

C 43.390v 2
1 ¡ 0.711v 1

Pv 1 ¡ 0.248 Pv 2
1 (34)

The computed response of mode 1 is shown in Fig. 2, which shows
a fair agreement with experimental data. The slight phase shift is
due to the effect of higher-frequency components. The estimated
rolling moment is shown in comparison with the result of least-
squares � t in Fig. 3. The match of phase angle is good, but the
amplitude of the resulting response from the least-square-�t model
is slightly smaller than the estimated one. The aerodynamic model

Fig. 3 Estimated rolling moment coef� cient with a least-squares � t of
a model equation.

Fig. 4 Simulationof body rock of a fuselage–vertical tail con� guration
based on the � rst mode of estimated aerodynamic model.

Fig. 5 Hysteresis loop based on the � rst mode of estimated aerody-
namic model for a fuselage–vertical tail con� guration.

that is estimated from the fully developed LCO data can exhibit
proper transient response as shown in Fig. 4, which shows the
response of the model to a small initial disturbance. For a linear
model, the maximum response would be proportional to the ini-
tial disturbance. The hysteresis loop of the � rst mode oscillation is
shown in Fig. 5, which is similar to the hysteresis loop of the 80-deg
delta wing. During the oscillation, the energy gained in the center
clockwise loop caused by the negative damping, i.e., a positive D2,
is balanced by the energy dissipated in the outer counterclockwise
loops.

To determine whether the predicted response in Fig. 2 can be
improved, the difference between the predicted and measured re-
sponses, de� ned as the residual, is � tted with a second mode. How-
ever, the improvement by adding a second mode is found to be
small.25 Therefore, for a practicalpurpose, the body rock motion for
the present fuselage–vertical tail con� guration in free-to-roll tests
can be describedas an oscillatorymotionwith a singledominantfre-
quency.
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Application of Estimated Aerodynamic Model
Once the aerodynamicmodel is estimated, the same model can be

used in improving the system response as long as the aerodynamic
con� guration remains the same. One example of system modi� -
cations to improve the response is the design of feedback control.
In application to a control system design, mechanical or arti� cial
damping can be added to the estimated model to improve the be-
havior of system response. For example, the value of the linear
damping D2 can be changed from C1.08 per second to a negative
value, i.e., stable, by a conventional roll damper, control surfaces
such as aileron and rudder, or forebody jet blowing for aircraft at
high angles of attack. In Ref. 18, an optimal roll rate feedback was
determined to be effective in suppressing wing rock of an 80-deg
delta wing.

One important difference in wing rock of the 80-deg delta wing
and the body rock of the fuselage–vertical tail combination is that
increasing the system stiffness may eliminate the body rock but not
the wing rock. Change in stiffness affects the values of D1. The
model simulation of the 80-deg delta wing with different values of
D1 is shown in Fig. 6. Wing rock with a larger value of D1 oscillates
at a higher frequency but with the same amplitude. On the other
hand, the body rock as shown in Fig. 7 shows that increasing the
stiffness will increase the frequencyof the oscillation and also may
suppress the oscillation. This is because the system damping l is
affected by C1 , which is nearly equal to D1 [Eqs. (28) and (29)].
With C1 large enough, l becomes largely negative. This was not
true for the 80-deg delta wing. System stiffness can be increased by
using roll angle feedback.

Fig. 6 Model simulation of wing rock for an 80-deg delta wing with
various values of D1, s ¡ 2 .

Fig. 7 Model simulation of body rock for the fuselage–vertical tail
con� guration with various values of D1 , s ¡ 2 and D2 = 1:081 s ¡ 1.

Conclusions
A method to estimate the aerodynamic forcing function in wing

or body rock motionshas beendeveloped.The methodwas basedon
an optimal estimation theory in the frequency domain. The method
used a continuouscost function,which was a measure of the differ-
encebetweentheestimatedstatesand themeasureddata.Simpli� ca-
tion of the optimality equations through the B–T averagingmethod
allowed the Lagrangian multipliers to be eliminated from the equa-
tions to be solved.The forcingfunctionthus obtainedwas � tted with
state variables and their products through a least-squares method.
The model candidate selection was based on the least-squareserror
and the simplicity of the form.

The method was veri� ed with a wing rock model for an 80-deg
delta wing. It was then used to estimate the rolling moment coef� -
cient for a fuselage–vertical tail con� guration in free-to-roll testing.
The resulting aerodynamic model produced fair agreement in os-
cillation characteristicsas compared with the measured data. It was
also shown that adding damping would damp the LCO of both the
80-deg delta wing and the fuselage–vertical tail combination as ex-
pected. The amount of damping needed to damp out the LCO could
be determined by the estimated aerodynamic models. Additional
stiffness also was shown to damp the LCO of the fuselage–vertical
tail model but not the 80-deg delta wing.
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